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ABSTRACT  
 
It is shown that the combination of the uniformly 
shrinking particle model with the classic diffusion layer 
model of dissolution can be used to predict the dissolution 
curve for a recarburizer. The method utilizes a 
transformation of the mass distribution of particle size 
into a number distribution, thereby allowing the initial 
interfacial surface area to be estimated. The shrinking 
particle model then permits the continuously changing 
surface area to be quantified for the duration of the 
dissolution process, enabling an analytical solution to the 
Hixson-Crowell equation. The applicability of the method 
is demonstrated for a hypothetical addition of graphite to 
a ductile iron melt. The results are consistent with 
published experimental data for graphite dissolution in 
molten iron. The practical implications of the model for 
recarburizer additions are discussed, including the effects 
of particle size, agitation, temperature, nature of the 
recarburizer, and production practices in the foundry.  
  
Keywords: recarburizer, dissolution, graphite, carbon, 
iron, recovery, Hixson-Crowell  
  
  
INTRODUCTION  
  
Since the pioneering work of Ficki to model molecular 
diffusion and that of Noyes and Whitneyii to elucidate the 
process of dissolution, investigators have been advancing 
our qualitative and quantitative understanding of the 
dissolution of solids in liquids. An excellent review by 
Siepmann summarizes the history of the experimentation 
and basic equations.iii Regarding the dissolution of carbon 
in liquid iron, Dahlke and Knacke were the first to apply 
such foundational concepts to characterize the process.iv 
Now, almost seventy years later, a great deal more is 
understood about the factors that determine the rate at 
which any given carbon dissolves in iron. There remains, 
however, a need for a quantitative model that reliably 
predicts the dissolution time for a recarburizer. Such a 

model would allow ferrous foundries to better understand 
the extent to which the properties of both the recarburizer 
and the iron affect dissolution time. This, in turn, would 
enable each foundry to select the best recarburizer for its 
operation and to make more accurate predictions of 
recarburizer recovery.   
  
Many investigators of the carbon/molten iron system have 
used dissolution data to calculate the apparent overall 
dissolution coefficient (K), mass transfer coefficient (km), 
dissociation coefficient (kd), and activation energy (Ea) for 
a variety of carbons.1,v,vi,vii,viii,ix,x,xi,xii,xiii,xiv,xv,xvi,xvii,xviii,xix The 
converse—predicting the time required for the dissolution 
of a given carbon—presents a different challenge. Even in 
the case where the rate coefficient is known or can be 
estimated, there is still the effect of the continually 
changing surface area of the carbon to consider. Presented 
here is a method for explicitly accounting for the variable 
surface area throughout the dissolution process. This, in 
turn, allows the direct calculation of the carbon 
concentration as a function of time using an analytical 
solution to the Hixson-Crowell equation.  
  
  
THEORY  
  
DIFFUSION LAYER MODEL OF DISSOLUTION  
The process of dissolution of a carbon particle in molten 
iron has been described by many investigators as 
consisting of two steps (Figure 1).12,15,17,19,xx In the first 
step, individual carbon atoms dissociate from the carbon 
particle to the boundary layer, where they associate with 
the molten iron.xxi In the second step, the individual atoms 
of carbon diffuse across the boundary layer to the bulk 
iron. The driving force of this process is the concentration 
gradient between the particle surface and the bulk iron. 
The concentration of carbon in the boundary layer is 
highest near the surface of the particle, decreasing with 
distance from the particle. The dissolution process for any 
given carbon atom is complete when it passes from the 
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boundary layer to the bulk iron, where the concentration 
of carbon atoms is uniform. Taken together, the 
dissociation and diffusion steps constitute the diffusion 
layer model, which has been applied to many 
solute/solvent systems.3   
  
The quantitative modeling of the dissolution process 
depicted in Figure 1 is well-established.3,15,19,20 The rate of 
dissociation of carbon atoms from a carbon particle is 
given in Eqn. 1, where Cs (wt. %) is the solubility of 
carbon, Ci (wt. %) is the concentration of carbon atoms at 
the interface between the carbon particle and the iron, kd 
(m s-1) is the dissociation coefficient, S (m2) is the surface 
area of the interface between the carbon particle and the 
iron, V (m3) is the total volume of the iron melt, and t (s) 
is the time. Similarly, the rate of diffusion of the 
dissociated carbon atoms across the boundary layer to the 
bulk iron is given in Eqn. 2, where C (wt. %) is the 
concentration of carbon atoms in the bulk iron at time t 
and km (m s-1) is the mass transfer coefficient. Equations 1 
and 2 assume that the recarburizer surface at the interface 
with the iron is wetted, and that the temperature and 
agitation are constant.  
  

  
  
Figure 1. The diffusion layer model consists of the 
dissociation of individual carbon atoms from the 
particle and subsequent diffusion of those atoms 
across the boundary layer to the bulk iron. The driving 
force of the dissolution process is the carbon 
concentration gradient through the thickness of the 
diffusion layer.  
 
 𝑑𝑑𝑑𝑑𝑖𝑖

𝑑𝑑𝑑𝑑
= 𝑘𝑘𝑑𝑑𝑆𝑆

𝑉𝑉
(𝐶𝐶𝑠𝑠 − 𝐶𝐶𝑖𝑖) Eqn. 1 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝑘𝑘𝑚𝑚𝑆𝑆

𝑉𝑉
(𝐶𝐶𝑖𝑖 − 𝐶𝐶) Eqn. 2 

 
 
There are two special cases in which Eqn. 4 can be 
simplified. If the rate of diffusion is much slower than the 

dissociation rate (kd >> km), then kd + km ≈ kd and k ≈ 
km. This is known to be the case, for example, for the 
dissolution of high-purity graphite in molten iron.6,12,16,17 
Conversely, if dissociation is much slower than diffusion 
(km >> kd), then kd + km ≈ km and k ≈ kd. 
 
CONSTANT INTERFACIAL SURFACE AREA  
Equation 3 is a variation of the Nernst-Brunner 
expression.3 Mathematically, this differential equation 
presents a classical initial value problem. The equation 
can be solved analytically by integration to yield C(t), the 
concentration of carbon dissolved in the iron at time t. 
The functional form of C(t) depends on the assumption 
for S. If S is effectively constant for the reaction time 
under consideration, then the apparent dissolution 
coefficient is K = kS/V and the well-known Noyes-
Whitney equation results (Eqn. 5).3 Equation 5 can be 
rearranged to give Eqn. 6. If C0 is the initial concentration 
of dissolved carbon, then C = C0 at t = 0 and the solution 
to Eqn. 6 is Eqn. 7. If K is unknown, it can be determined 
from dissolution data by rearranging Eqn. 7 into a linear 
form (Eqn. 8), where the slope of ln(Cs-C) vs. t is -K. This 
method has been employed by investigators to determine 
the value of K,5,6,7,8 which can be assumed to be constant 
during the initial phase of dissolution (since there is little 
change in the interfacial surface area). This has allowed 
researchers to probe the dependence of dissolution rate on 
such variables as recarburizer structure and composition, 
iron composition, temperature, and agitation rates.5-19 
 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝐾𝐾(𝐶𝐶𝑠𝑠 − 𝐶𝐶) Eqn. 5 

 
 ∫ 1

𝐶𝐶𝑠𝑠−𝐶𝐶
𝑑𝑑𝑑𝑑 = ∫𝐾𝐾𝐾𝐾𝐾𝐾 Eqn. 6 

 
 𝐶𝐶(𝑡𝑡) = 𝐶𝐶𝑠𝑠 − (𝐶𝐶𝑠𝑠 − 𝐶𝐶0)𝑒𝑒−𝐾𝐾𝐾𝐾 Eqn. 7 
 
 ln(𝐶𝐶𝑠𝑠 − 𝐶𝐶) = ln(𝐶𝐶𝑠𝑠 − 𝐶𝐶0) − 𝐾𝐾𝐾𝐾 Eqn. 8 
 
VARIABLE INTERFACIAL SURFACE AREA 
Predicting the entire dissolution curve, C(t), for a 
recarburizer presents a more difficult challenge. Even if 
the dissolution coefficient k is known, solving Eqn. 3 
requires knowledge of S. The interfacial surface area 
changes continuously from the moment the first 
recarburizer particles are wetted by the iron until the 
saturation point has been reached or until all the particles 
have dissolved. Complicating the problem further is that a 
recarburizer is normally characterized by a relatively 
broad distribution of particle sizes, shapes, and internal 
pores that may or may not be accessible to the iron. A 
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complete quantitative model of the surface area that is 
accessible to the iron would take these factors into 
consideration. 
 
Hixson and Crowell solved Eqn. 3 for the general case of 
a single, convex crystal of ordinary shape whose surface 
area varies continuously over time. 12,15, 17, 19, 20 Their 
approach begins by converting Eqn. 3 to its mass form 
using Eqns. 9-11, where m is the mass of undissolved 
carbon at time t, ms is the mass of carbon required to 
saturate the iron, m1 is the initial mass of dissolved carbon 
(the mass at t = 0), and m0 is the mass of the carbon 
addition. Combining Eqns. 9-11 with Eqn. 3 yields Eqn. 
12. 
 
 𝑑𝑑𝑑𝑑 = −𝑑𝑑𝑑𝑑

𝑉𝑉
 Eqn. 9 

 
 𝐶𝐶𝑠𝑠 = 𝑚𝑚𝑠𝑠

𝑉𝑉
 Eqn. 10 

 
 𝐶𝐶 = 𝑚𝑚1+𝑚𝑚0−𝑚𝑚

𝑉𝑉
 Eqn. 11 

 
 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −𝑘𝑘𝑘𝑘

𝑉𝑉
(𝑚𝑚𝑠𝑠 −𝑚𝑚1 − 𝑚𝑚0 + 𝑚𝑚) Eqn. 12 

 
A key insight of Hixson and Crowell is that Eqn. 12 can 
be solved analytically for a crystal of varying surface area 
if S is expressed as a function of m. The procedure is then 
analogous to that employed to solve Eqn. 3.  
 
Rearrangement of Eqn. 12 leads to Eqn. 13. In the case of 
a single crystal, the well-known relation for ordinary 
convex shapes that S varies as V2/3 can be applied. The 
result is Eqn. 14, where ks is a shape factor (ks = 4.84 for a 
sphere) and Vc, m, and ρ are the crystal volume, mass, and 
density, respectively. Combining Eqns. 13 and 14 yields 
Eqn. 15, where k’ = kks

’. Equation 16 is the solution, 
where g = ms – m1– m0, a = g1/3, b = m0

1/3, and x = m1/3. 
The function m(t) is generated for any given value of k by 
substituting m values into Eqn. 16 over the range of m1 ≤ 
m ≤ m1 + m0 (subject to m1 + m0 ≤ ms) which yields the 
corresponding t values for the entire dissolution curve. 
Certain special cases allow the use of simpler expressions 
in place of Eqn. 16.22 

 

∫ 1
𝑆𝑆(𝑚𝑚)(𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚)

𝑑𝑑𝑑𝑑 = ∫− 𝑘𝑘
𝑉𝑉
𝑑𝑑𝑑𝑑 Eqn. 13 

 

 𝑆𝑆 = 𝑘𝑘𝑠𝑠𝑉𝑉𝑐𝑐
2/3 = 𝑘𝑘𝑠𝑠

𝑚𝑚2/3

𝜌𝜌2/3 = 𝑘𝑘𝑠𝑠′𝑚𝑚2/3 Eqn. 14 
 

 ∫ 1
𝑚𝑚2/3(𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚)

𝑑𝑑𝑑𝑑 = ∫− 𝑘𝑘′

𝑉𝑉
𝑑𝑑𝑑𝑑 Eqn. 15 

 

 𝑉𝑉
𝑎𝑎2
�√3 tan−1 2√3𝑎𝑎(𝑏𝑏−𝑥𝑥)

3𝑎𝑎2+(2𝑏𝑏−𝑎𝑎)(2𝑥𝑥−𝑎𝑎)
+

              1.1513 log (𝑎𝑎+𝑏𝑏)2(𝑎𝑎2−𝑎𝑎𝑎𝑎+𝑥𝑥2)
(𝑎𝑎+𝑥𝑥)2(𝑎𝑎2−𝑎𝑎𝑎𝑎+𝑏𝑏2)

� = 𝑘𝑘′𝑡𝑡 Eqn. 16 

 
Equations 15 and 16 are adequate for a single crystal. 
They work equally well in the case of multiple particles of 
ordinary, convex shape (for example, spherical or 
prismatic) if the particle population is monodisperse and 
if the dissociation of a particle takes place only at its 
external surface (that is, if any internal porosity is 
inaccessible to the solvent). This is because the total 
interfacial surface area in this instance is the product of 
the external surface area of a single particle and the 
number of particles, both of which are readily calculated 
for a given mass of particles if the particle density and 
radius are known. However, different expressions are 
required in the case of a broader particle distribution 
and/or a particle containing pores which can be penetrated 
by the solvent. While typical recarburizers are clearly 
polydisperse, the accessibility of pores to the iron during 
dissolution is less obvious. The theoretical treatment 
continues under the assumption that only the external 
surface of a carbon particle can interface with the iron. 
The relaxation of this assumption is discussed later. 
Finding an expression for S in the case of a polydisperse 
recarburizer begins with an estimate of the initial surface 
area. This can be calculated from an ordinary mass 
distribution of particle size (typically available from the 
recarburizer supplier) under the simplifying assumption of 
spherical particles. Let fm(r) be the initial unnormalized 
mass distribution of the particle radius, where r is the 
radius of a carbon particle at the midpoint between sieve 
sizes. 24 The total mass of the recarburizer, Fm(r), is the 
unnormalized cumulative mass distribution given in Eqn. 
17, where mi is the mass of the particles having radius ri.25 
 
𝐹𝐹𝑚𝑚(𝑟𝑟) = 𝑚𝑚0 = ∑ 𝑚𝑚𝑖𝑖

𝑛𝑛
𝑖𝑖=1  Eqn. 17 

 
The surface area, volume, and mass of a particle with 
radius ri are given in Eqns. 18-20. The particle density, ρ, 
in Eqn. 20 can be measured or estimated via literature 
values. Thus, the number of particles with radius ri can be 
calculated via Eqn. 21. Let fN(r) and FN(r) be the initial 
unnormalized number distribution of the particle radius 
and cumulative number distribution, respectively. Then 
the total number of particles added to the furnace is given 
in Eqn. 22, and Eqn. 23 gives their total surface area. 
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 𝑆𝑆𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖 = 4𝜋𝜋𝑟𝑟𝑖𝑖2 Eqn. 18 
 
 𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖 = 4𝜋𝜋𝑟𝑟𝑖𝑖

3

3
 Eqn. 19 

 
 𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖 = 𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖𝜌𝜌 Eqn. 20 
 
 𝑁𝑁𝑖𝑖 = 𝑚𝑚𝑖𝑖

𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖
 Eqn. 21 

 
 𝐹𝐹𝑁𝑁(𝑟𝑟) = 𝑁𝑁0 = ∑ 𝑁𝑁𝑖𝑖𝑛𝑛

𝑖𝑖=1  Eqn. 22 
 
 𝑆𝑆0 = ∑ 𝑆𝑆𝑖𝑖 = ∑ 𝑁𝑁𝑖𝑖𝑆𝑆𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑖𝑖

𝑛𝑛
𝑖𝑖=1

𝑛𝑛
𝑖𝑖=1  Eqn. 23 

 
As the recarburizer dissolves, its total surface area 
decreases. Bullard et al. have shown that the uniformly 
shrinking particle model can be used to calculate the 
change in the surface area of a polydisperse particle 
population as dissolution progresses. 26 Assuming that the 
dissolution flux is independent of particle size, the radii of 
all particles shrink at the same rate (Figure 2). 27 This is 
readily apparent in Eqn. 24. Let the dissolution flux J (kg 
m2 s-1) be the instantaneous change in the mass of the 
undissolved recarburizer per unit area per second. 
Recognizing that dm = ρdV = ρSdr, it is clear that dr/dt is 
independent of the radius and is, in fact, equal to the 
dissolution flux at time t divided by the particle density 
(assumed to be constant for all particles). 
 
 𝐽𝐽 = 𝑑𝑑𝑑𝑑

𝑆𝑆𝑆𝑆𝑆𝑆
= 𝜌𝜌𝜌𝜌𝜌𝜌

𝑆𝑆𝑆𝑆𝑆𝑆
= 𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌

𝑆𝑆𝑆𝑆𝑆𝑆
= 𝜌𝜌𝜌𝜌𝜌𝜌

𝑑𝑑𝑑𝑑
⇒ 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝐽𝐽

𝜌𝜌
 Eqn. 24 

 

 
 
Figure 2. According to the uniformly shrinking particle 
model, the radii of all particles shrink at the same rate 
at any given time, t. Thus, the change in the radius, Δr 
= ε, is the same for all particles after Δt = t1 - t2. 
 
Let ε be the decrease in particle radius after a given time t. 
The particles with radius r ≤ ε dissolve completely, in 
which case those particles are no longer included in the 
distribution. The new radius for each remaining particle 
category is r – ε. Assuming no particle breakup, the 
number of particles within each of the remaining mass 

fractions mi is unchanged (only the radius ri has changed). 
This leads to the conditional unnormalized number 
distribution of the particle radius gN(r|ε) and the 
cumulative distribution GN(r|ε). The cumulative 
distribution is given in Eqn. 25. If the original radii of all 
particles are greater than ε, then the total number of 
particles is unchanged and N = N0. If there are particles 
whose original radius is less than or equal to ε, then those 
particles dissolve completely and N < N0. In both cases, 
the total mass of undissolved carbon m and total surface 
area S has decreased. Their new values can be calculated 
in much the same way as their original values were 
determined. Substituting the new radius r – ε into Eqns. 
18-20 gives the new surface area, volume, and mass of a 
particle for each fraction of particles. Substituting Ni and 
the new particle mass mpart,i into Eqn. 21 gives the new mi 
for each mass fraction, the sum of which is the new total 
mass of undissolved recarburizer m at time t. The new 
total surface area S at time t is given in Eqn. 23 if S0 is 
replaced by S. Thus, the function S(m) is generated by 
choosing various ε values in the range 0 ≤ ε ≤ rmax. Each 
value of ε yields corresponding values of m and S. Fitting 
this data with a suitable function gives S(m). Substituting 
this expression for S(m) in Eqn. 13 and integrating yields 
the solution. 
 
 𝐺𝐺𝑁𝑁(𝑟𝑟|𝜀𝜀) = 𝑁𝑁 = ∑ 𝑁𝑁𝑖𝑖𝑛𝑛

𝑖𝑖=1  Eqn. 25 
 
 
APPLICATION TO A HYPOTHETICAL  
CARBON ADDITION FOR A DUCTILE IRON 
 
Here the application of the diffusion layer model 
combined with the uniformly shrinking particle model is 
demonstrated for a hypothetical carbon addition to an iron 
melt. Specifically, the model is applied to a 1% addition 
of polydisperse graphite (Graphite 1) during the process 
of making a ductile iron. The assumed initial properties of 
the iron and recarburizer are provided in Tables 1 and 2, 
respectively. Such data would normally be available to the 
foundry. 
 

Table 1. Initial Iron Properties 
 

Mass (kg) 1.0 x 104 

Density (kg m-3) 7.0 x 103 
Volume (m3) 1.4 
Temperature 2700F (1480C) 
Carbon (wt. %) 2.50 
Silicon (wt. %) 1.60 
Phosphorus (wt. %) 0.010 
Sulfur (wt. %) 0.015 
Manganese (wt. %) 0.200 
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Table 2. Properties of Graphite 1 

 
Mass (kg) 100. 
Particle density (kg m-3) 1.5 x 103 
Fixed carbon (wt. %) 98.95 
Ash (wt. %) 0.50 
Volatiles (wt. %) 0.50 
Moisture (wt. %) 0.05 
Sulfur (wt. %) 0.05 

 
The objective is to solve Eqn. 13 for the graphite addition, 
enabling the generation of m(t) and its corresponding 
concentration form, C(t). Beginning with the values that 
can be substituted immediately into Eqn. 13, Tables 1 and 
2 indicate that V = 1.4 m3, m1 = 250. kg, and m0 = 100. kg. 
The value of ms can be determined by experiment or 
calculated from an estimate of Cs using Eqn. 26, where T 
is the temperature in Celsius and Si, P, S, and Mn are the 
concentrations by weight of silicon, phosphorus, sulfur, 
and manganese, respectively.1 According to Eqn. 26, Cs = 
4.61 wt. %. Multiplying by the final total mass of 10,100 
kg yields ms = 465 kg. 
 
 𝐶𝐶𝑆𝑆 = 1.30 + 0.00257𝑇𝑇 − 0.31𝑆𝑆𝑆𝑆 
                        −0.33𝑃𝑃 − 0.40𝑆𝑆 + 0.027𝑀𝑀𝑀𝑀 Eqn. 26 
 
The initial surface area is derived from the initial mass 
distribution of the particle diameter (normally available 
from the supplier of the recarburizer and easily verified 
using standard testing sieves). A realistic example for a 
graphitized petroleum coke (with nominal sizing of 6.4 x 
0.2 mm, or ¼" x 70M) is shown in Figure 3. Assume 
spherical particles and that the midpoint of the diameter 
range for each particle fraction is the representative 
diameter for all the particles in that fraction. The result is 
shown graphically in Figure 4, where diameter has been 
converted to radius. Applying Eqns. 18-21 to each of the 
seven particle fractions in Figure 4 yields the number 
distribution of the particle radius (Figure 5). Finally, Eqn. 
23 is applied to give the surface area for each of the seven 
number fractions (Figure 6) and, by summation, the total 
initial surface area S0. Tables 3 and 4 show the initial mass 
distribution and calculated data, respectively, for each of 
the seven fractions that comprise the graphite addition to 
the iron. 
 

 
 
Figure 3. The initial mass distribution of the particle 
size for Graphite 1 consists of seven particle 
fractions. 
 

 
 

Figure 4. Assuming spherical particles and taking the 
midpoint of each particle fraction in Figure 3 to be the 
diameter yields a discrete mass distribution of the 
particle radius. 
 
As described above, the undissolved mass and 
corresponding surface area of the graphite over time are 
determined by letting the decrease in particle radius ε vary 
over the range 0 ≤ ε ≤ rmax. An example is shown in Table 
5 for ε = 0.050 mm. Applying Eqns. 18-21 and 23 (where 
S is substituted for S0) yields the new values of the 
undissolved mass (mi) and surface area (Si) for each 
particle fraction. The summation of these values gives the 
new total undissolved mass (m) and surface area (S). This 
procedure is repeated with various ε values to cover the 
entire range of the initial particle radii. When ri - ε < 0 for 
a given fraction of particles, it indicates that the fraction 
of particles is completely dissolved and Ni = 0 for that 
fraction. Table 6 shows the results of these calculations 
for various values of ε. A plot of S vs. m is shown in 
Figure 7. In this example, a quadratic function provides a 
close empirical fit to the data. 29 Substituting this function  
for S(m) in Eqn. 13 yields Eqn. 27. Subsequent integration 
gives the solution (Eqn. 28), where h = m1 + m0 – ms (for 
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simplicity). The derivation of Eqn. 28 is provided in the 
Appendix. 
 
 ∫ 1

(𝑎𝑎𝑚𝑚2+𝑏𝑏𝑏𝑏)(𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚)
𝑑𝑑𝑑𝑑 = ∫− 𝑘𝑘

𝑉𝑉
𝑑𝑑𝑑𝑑 Eqn. 27 

 
Table 3. Initial Mass Distribution of Graphite 1 

 
Fraction (mm) mi (kg) Di (mm)* ri (mm) 

-9.52/+6.35 2.0 7.94 3.97 
-6.35/+3.35 11.1 4.85 2.42 
-3.35/+2.00 20.2 2.68 1.34 

-2.00/+0.850 44.4 1.42 0.713 
-0.850/+0.425 14.8 0.638 0.319 
-0.425/+0.300 5.06 0.363 0.181 
-0.300/+0.150 2.50 0.256 0.128 
All fractions 100.0   

 

 
 
Figure 5. The initial number distribution of the particle 
radius is derived using Eqns. 18-21. 

 

 
 
Figure 6. Using Eqn. 23, the initial surface area 
distribution of the particle radius is generated from 
the number distribution in Figure 5.

Table 4. Calculated Data for Initial Particle Fractions for Graphite 1 
ri (mm) Spart (x 106 m2) Vpart (x 1010 m3) mpart (x 106 kg) Ni (x 10-4)  Si (m2) 

3.97 198. 2620 393 0.509 1.01 
2.42 73.9 59.7 89.6 12.3 9.11 
1.34 22.5 100. 15.0 134 30.1 

0.713 6.38 15.2 2.27 1960 125 
0.319 1.28 1.36 0.203 7250 92.6 
0.181 0.413 0.249 0.0374 13,500 55.8 
0.128 0.206 0.0878 0.0132 19,000 39.1 

All particles    41,800 352 
 

Table 5. Calculated Values of mi and Si for Graphite 1 with ε = 0.050 mm 
Initial ri (mm) ri – ε (mm) Ni (x 10-4) mi (kg) Si (m2) 

3.97 3.92 0.509 1.93 0.983 
2.42 2.37 12.3 10.4 8.74 
1.34 1.29 134 18.0 27.9 

0.713 0.663 1960 35.7 108 
0.319 0.269 7250 8.84 65.8 
0.181 0.131 13,500 1.92 29.3 
0.128 0.078 19,000 0.566 14.5 

All particles  41,800 77.3 255 
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Table 6. Total Undissolved Mass and Surface Area of 

Graphite 1 for Various Values of ε 
 

ε (mm) m (kg) S (m2) 
0.00 100.0 352 
0.05 77.3 255 
0.10 61.0 182 
0.15 49.1 138 
0.20 39.9 108 
0.30 27.1 68.1 
0.40 18.6 46.0 

 

 
 
Figure 7. An empirical fit to the data in Table 6 yields S 
as a function of m for Graphite 1. 
 
Using Eqn. 28 to generate m(t) requires knowledge (or an 
estimate) of the dissociation coefficient k. Its value 
depends primarily on the molecular structure and 

composition of the recarburizer, temperature, and 
agitation. Many of the values of k found in the 
recarburizer literature are in the range of 10-5-10-4 m s-

1.Error! Bookmark not defined.,Error! Bookmark not defined.,Error! Bookmark 

not defined.,Error! Bookmark not defined.,Error! Bookmark not defined. 
Highly graphitic recarburizers in well-agitated melts tend 
to be associated with the higher part of this k range. In 
practice, a foundry’s historical recarburizer recovery data 
may be helpful for estimating k for a given recarburizer 
and set of furnace conditions. Such mass and time data 
can be entered into Eqn. 28 to yield the value of k. A k 
value of 10-4 m s-1 is assumed in the present example. The 
effect of k on dissolution time is discussed in the next 
section. 
 
Substituting m values in the range of 0 < m ≤ m0 into Eqn. 
28 yields the corresponding values of t (Figure 8).1 The 
equivalent concentration curve (Figure 9) is generated 
with Eqn. 29, where mFe is the mass of the iron melt 
before the graphite addition. The dissolution is rapid, as 
the carbon recovery is greater than 90% within two 
minutes. This is to be expected, given the assumptions 
that all of the graphite is wetted at t = 0 as well as the 
relatively high dissolution coefficient (k = 10-4 m s-1). 
Loper and coworkers observed that a 0.5 wt. % addition 
of high-purity graphite at a similar temperature and 
starting carbon concentration took approximately five 
minutes to dissolve completely.2 A summary of the 
dissolution data reported in the literature for graphite in 
molten iron is provided in Table 7. The results of this 
study are in good agreement with the published data, 
especially when the wide variety of experimental 
conditions represented in Table 7 is considered.

  
 𝑎𝑎ℎ 𝑙𝑙𝑙𝑙(𝑎𝑎𝑚𝑚0+𝑏𝑏)+𝑏𝑏𝑏𝑏𝑏𝑏(𝑚𝑚𝑠𝑠−𝑚𝑚1)−(𝑎𝑎ℎ+𝑏𝑏) 𝑙𝑙𝑙𝑙𝑚𝑚0

𝑏𝑏ℎ(𝑎𝑎ℎ+𝑏𝑏) − 𝑎𝑎ℎ 𝑙𝑙𝑙𝑙(𝑎𝑎𝑎𝑎+𝑏𝑏)+𝑏𝑏𝑏𝑏𝑏𝑏(𝑚𝑚−ℎ)−(𝑎𝑎ℎ+𝑏𝑏) 𝑙𝑙𝑙𝑙𝑚𝑚
𝑏𝑏ℎ(𝑎𝑎ℎ+𝑏𝑏)

= 𝑘𝑘
𝑉𝑉
𝑡𝑡 Eqn. 28 

 
Table 7. Reported Dissolution Data for Graphite in Molten Iron 

 
T K (x 103 s-1) k (x 104 m s-1) Ea (kJ mol-1) t90 (min)* Ref. 

2367-2818F 
(1297-1548C) 

 0.27-3.0   13 

2552F (1400C)  0.9-4.2   14 
2372-2912F 

(1300-1600C) 
 0.087-3.38 38.2-40.0  16 

2642-2822F 
(1450-1550C) 

16.68-20.74  54 5-10 7 

2822F (1550C)  2.5 19.2 4-5 12 
2705F (1485C)    4-8 30 
2700F (1482C)    18 27 
2696F (1480C) 2.5-25 0.10-1.0  1.6-16 This work 

 
*Time required to dissolve 90% of the total possible carbon addition, calculated as C = C0 + 0.90(Cs – C0). 
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Figure 8. Equation 28 is utilized to generate m(t) for 
Graphite 1 (T = 2696F (1480C), k = 10-4m s-1). 
 
The K-values in Table 7 for this work were calculated for 
the k-range 10-5-10-4 m s-1 according to K = kS/V, where S 
= 352 m2 at t = 0 (Table 4) and V =1.4 m3 (Table 1). 
 
The error bars in Fig. 9 were generated via a sensitivity 
analysis in which the values that would normally be 
measured or calculated from measured data (T, V, k, ms, 
m1, m0, mFe, and the masses of the other components of 
the melt) were varied by 2%. This resulted in a maximum 
relative uncertainty in the value of t of approximately 
20%. The value of t is especially sensitive to the value of 
T, ms, m1, and m0. 
 
 𝐶𝐶 =  𝑚𝑚1+𝑚𝑚0−𝑚𝑚

𝑚𝑚𝐹𝐹𝐹𝐹+𝑚𝑚1+𝑚𝑚0−𝑚𝑚
 Eqn. 29 

 

 
 

Figure 9. C(t) for Graphite 1 is calculated from m(t) 
using Eqn. 29 (T = 2696F (1480C), k = 10-4m s-1). 
 
 

PRACTICAL IMPLICATIONS FOR 
RECARBURIZER ADDITIONS TO MOLTEN IRON 
 
While the model described above is intended to be a step 
forward in the theoretical description of recarburizer 
dissolution, another important aim is to better understand 
(and quantify, where possible) the effects of key variables 
on carbon recovery. Here the model is used to illustrate 
quantitatively the effects of particle size, agitation, 
temperature, and the nature of the recarburizer on 
dissolution time. The influence of certain operational 
practices in the foundry is also addressed. 
 
PARTICLE SIZE DISTRIBUTION 
Since dissolution rate varies directly with the interfacial 
surface area (Eqns. 3 and 12), it is to be expected that the 
particle size distribution of the recarburizer will impact 
the dissolution time. Assume a spherical graphite particle 
with a typical density of 1500 kg m-3 with only its 
external surface being accessible to the iron. Equation 30 
shows that the specific interfacial surface area (Ssp) varies 
inversely with the diameter (D). The corresponding plot in 
Figure 10 shows the rapid increase in Ssp as D decreases. 
The diameter range in Figure 10 covers the majority of 
commercial recarburizers. The mass fraction of particles 
with sizes below 0.2 mm (70 mesh) and above 9.5 mm 
(3/8” mesh) is normally limited in practice. The former 
tend to get entrained in air currents above the furnace, 
preventing their exposure to the iron. The latter have total 
dissolution times that are regarded as too long for most 
melt operations. 
 
 𝑆𝑆𝑠𝑠𝑠𝑠 =  𝑆𝑆

𝑚𝑚
= 𝑆𝑆

𝜌𝜌𝜌𝜌
= 3

𝜌𝜌𝜌𝜌
= 6

𝜌𝜌𝜌𝜌
 Eqn. 30 

 

 
 
Figure 10. The specific interfacial surface area (Ssp) of 
a hypothetical synthetic graphite (ρ = 1500 kg m-3)  
varies inversely with the diameter (D). 
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Table 8 shows the initial masses of the particle fractions 
and the total initial surface area for four simulated 
graphite recarburizers. The effect of the particle size 
distribution on the dissolution curve is evident in Figure 
11. While all of the recarburizers effectively dissolve 
completely within five minutes, the 3/8” x 10M graphite 
takes nearly seven times as long as the 20M x 70M 
graphite to reach 90% recovery. Whether finer graphites 
can and should be used in practice, however, depends on 
their cost and availability as well as any tendency they 
may have to delay the wetting process by forming 
agglomerates (due to the smaller interstitial voids between 
particles). 
 
It has been assumed to this point that only the external 
surface of the graphite particles is accessible to the iron. 
All recarburizers, however, exhibit a certain degree of 
porosity.32, 33, 34 If pores are accessible to the iron during 
dissolution, the portion of the carbon that surrounds the 
pore is part of the interfacial surface area and should be 
included in the calculation of S. The extent to which the 
iron can penetrate the pore network of a carbon particle 
depends on the size of the pores and the viscosity of the 
iron, among other factors. The scanning electron 
micrographs of the carbon/iron interface published to date 
for recarburizers exposed to molten iron suggest that the 
penetration of the iron into the pore network is limited.35, 

36 Moreover, the dissolution curve in Figure 9 is generally 
consistent with the experimental data reported for 
graphite by other investigators (Table 7), which implies 
that the assumption of inaccessible pores is 
reasonable.Error! Bookmark not defined.,Error! Bookmark not 

defined.,Error! Bookmark not defined.,Error! Bookmark not defined.,Error! 

Bookmark not defined.,Error! Bookmark not defined.,Error! Bookmark not 

defined. The specific surface area for a typical recarburizer 
is another point worth considering. This is normally in the 
range of 1-3 m2 g-1, regardless of the molecular structure 
of the recarburizer.Error! Bookmark not defined.a, 37,38 In contrast, 
the initial interfacial surface area of Graphite 1 is 0.00352 
m2 g-1. As the dissolution rate varies directly with the 
interfacial surface area, complete access to the pores 

in the graphite would result in a dissolution rate two to 
three orders of magnitude greater. Such rapid dissolution 
is implausible, which suggests that the majority of the 
pores (and, perhaps, virtually all of them) are inaccessible 
until they eventually appear on the external surface during 
the dissolution process. 
 

 
 
Figure 11. The higher specific surface area associated 
with a finer particle size distribution leads to faster 
dissolution for a hypothetical synthetic graphite (T = 
2696F (1480C), k = 10-4 m s-1, ρ = 1500 kg m-3). 
 
AGITATION OF THE IRON 
The value of k accounts for the agitation of the iron as 
well as the temperature and the nature of the recarburizer. 
Figure 12 illustrates the effect of k on the dissolution 
curve for Graphite 1. As one would expect, lower k-
values correspond to longer dissolution times. Not all of 
the curves are distinguishable, however, after accounting 
for a relative uncertainty of 20%. If the difference in k 
values is an order of magnitude (which is quite possible, 
in practice, if there is a large difference in agitation 
between production runs), the curves are clearly 
distinguishable. Indeed, a k value that is ten times lower 
implies that it takes ten times longer to reach any given 
point of carbon recovery, all other factors being equal. 

 
Table 8. Simulated Initial Masses of the Weight Fractions and Total Initial Surface Area for Graphite Recarburizers 

 
 Nominal Sizing 
 3/8” x 10M 

(9.5 x 2.0 mm) 
1/4” x 70M 

(6.4 x 0.21 mm) 
10M x 70M 

(2.0 x 0.21 mm) 
20M x 70M 

(0.85 x 0.21 mm) 
-3/8”/+1/4” 6.0 2.0 0.0 0.0 
-1/4”/+6M 33.3 11.1 0.0 0.0 
-6M/+10M 60.7 20.2 0.0 0.0 
-10M/+20M 0.0 44.4 66.5 0.0 
-20M/+40M 0.0 14.8 22.1 66.1 
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-40M/+50M 0.0 5.1 7.6 22.7 
-50M/+70M 0.0 2.5 3.7 11.2 
m0 (kg) 100.0 100.0 100.0 100.0 
S0 (m2) 121 352 468 840 

 
 
Figure 12. Greater agitation of the iron leads to higher 
values of the dissolution coefficient, k, and faster 
dissolution (T = 2696F (1480C)). 
 
TEMPERATURE 
The temperature dependence of C(t) arises primarily from 
the temperature dependence of k. This effect is commonly 
predicted using the Arrhenius equation (Eqn. 31), where K 
is the apparent dissolution coefficient (s-1; identical to K 
in Eqn. 5), A is a pre-exponential factor (s-1; assumed to 
be temperature-independent for purposes of this analysis), 
Ea is the activation energy (kJ mol-1), R is the universal 
gas constant (8.314 x 10-3 kJ mol-1 K-1), and T is the melt 
temperature (K). Since K = kS/V at any given time t, the 
ratio of any two dissolution coefficients, k1 and k2, is 
equal to the ratio of the respective apparent dissolution 
coefficients, K1 and K2, at t = 0 (when the respective 
surface area S1 = S2 = S0) (Eqn. 32). Let T1 and T2 be any 
two temperatures of the iron melt. Combining Eqns. 31 
and 32 yields Eqn. 33. 
 

 𝐾𝐾 = 𝐴𝐴𝑒𝑒−
𝐸𝐸𝑎𝑎
𝑅𝑅𝑅𝑅 Eqn. 31 

 

 𝐾𝐾2
𝐾𝐾1

=
𝑘𝑘2𝑆𝑆0
𝑉𝑉

𝑘𝑘1𝑆𝑆0
𝑉𝑉

=  𝑘𝑘2
𝑘𝑘1

     (𝑡𝑡 = 0) Eqn. 32 

 

 𝑘𝑘2 = 𝑘𝑘1
𝐾𝐾2
𝐾𝐾1

= 𝑘𝑘1𝑒𝑒
𝐸𝐸𝑎𝑎
𝑅𝑅
� 1
𝑇𝑇2
− 1
𝑇𝑇1
�     (𝑡𝑡 = 0) Eqn. 33 

 
The value of Ea for the dissolution of graphite in molten 
iron has been reported to be in the range of 19-80 kJ mol-

1.Error! Bookmark not defined.,Error! Bookmark not defined.,Error! Bookmark 

not defined.,Error! Bookmark not defined.,Error! Bookmark not defined. This is 
a relatively low value, which reflects the diffusion-

controlled dissolution of graphite in iron (or, equivalently, 
the high rate of dissociation of graphite at the interface 
with the iron). Assuming Ea = 50 kJ mol-1, k1 = 1.00 x 10-4 
m s-1, and T1 = 1753K (2696F, 1480C), k2 can be 
calculated for any other temperature T2. As shown in 
Figure 13, the variation of k with T for Graphite 1 is 
nearly linear over the temperature range of 2516-2876F 
(1380-1580C) and it is relatively insensitive to T. An 
increase or decrease of 100°C (180°F) results in only a 
20% change in the value of k. This is a direct consequence 
of the low value of Ea. The low sensitivity of k to 
temperature for Graphite 1 is reflected in the dissolution 
curves in Figure 14. Indeed, the curves are 
indistinguishable, assuming a relative error of 20%. Not 
all recarburizers are associated with diffusion-controlled 
dissolution and low Ea values, however. The effect of 
temperature is revisited after considering the influence of 
the molecular structure of the recarburizer. 
 
MOLECULAR STRUCTURE  
OF THE RECARBURIZER 
While a detailed analysis of the relationship between the 
molecular structure of a recarburizer and its dissolution 
curve is beyond the scope of this work, data from select 
studies reported in the literature allow interesting 
comparisons via the dissolution model described above. 
Cham et al. compared the dissolution of high-purity 
synthetic graphite with that of metallurgical cokes.Error! 

Bookmark not defined. They found the initial K value of the 
synthetic graphite to be 1.686 x 10-2 s-1 at 2687F (1475C). 
Measuring K at different temperatures permitted the 
calculation of the Ea, which was found to be 54 kJ mol-1. 
On the other hand, the K and Ea values for the 
metallurgical cokes were in the range of 1.18-3.50 x 10-3 
s-1 at 2687F (1475C) (on average, about seven times 
lower than K for the graphite) and 313-479 kJ mol-1, 
respectively. The difference in the dissolution behavior of 
the cokes was attributed to the nature of the ash and its 
effect on the interfacial surface area. In another study, 
Jang et al. calculated an Ea of 442 kJ mol-1 for a 
metallurgical coke.Error! Bookmark not defined. Assume an 
intermediate case, in which K for a hypothetical metcoke 
(Metcoke 1) is seven times lower than that of Graphite 1 
and the Ea is 400 kJ mol-1.  
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Given that the metcokes were approximately 10 wt. % 
ash, it is estimated that the initial surface area of Metcoke 
1 is 10% less than that of Graphite 1. For Graphite 1 with 
kg = 10-4 m s-1, Kg = kgSg/V = 2.46 x 10-2 s-1 at t = 0. 
Therefore, Km = Kg/7 = 3.52 x 10-3 s-1 for Metcoke 1 at t = 
0 and km = KmV/ Sm = 1.59 x 10-5 m s-1. The dissolution 
curves for Graphite 1 and Metcoke 1 are shown in Figure 
15, where the effect of the lower dissolution coefficient 
for Metcoke 1 is easily seen. 
 

 
 
Figure 13. The temperature dependence of k for 
Graphite 1 in molten iron is nearly linear (Ea = 50 kJ 
mol-1). 
 
The effect of temperature on k is much more pronounced 
for Metcoke 1 than for Graphite 1 (Figure 16). Whereas 
the dependence of k on T is nearly linear for Graphite 1 
(Figure 13), it is clearly exponential for Metcoke 1 over 
the same temperature range. This suggests that the 
dissociation of the carbon into individual atoms exerts a 
greater degree of control over the dissolution process for 
Metcoke 1 as compared to Graphite 1. Figure 17 shows 
the corresponding temperature effect on the dissolution 
curves for Metcoke 1. Taken together, Figures 14 and 17 
demonstrate that the effect of temperature on dissolution 
rate becomes greater as k decreases. Whether the longer 
dissolution times typically observed in practice for less 
graphitic recarburizers are due to molecular structure, 
composition (e.g., ash and/or sulfur content), or both 
remains an open question.  
 

 
 
Figure 14. The effect of temperature on the dissolution 
rate for Graphite 1 is predicted to be relatively small, 
which is consistent with a diffusion-controlled 
dissolution process. 

 
 
Figure 15. The nature and/or purity of the recarburizer 
has a substantial effect on the dissolution curve (T = 
2696F (1480C)). 
 
PRODUCTION PRACTICES IN THE FOUNDRY 
The principles described above explain why certain 
production practices in the foundry can have a significant 
impact on recarburizer wetting and dissolution rates. 
Several of these practices were outlined by Linebarger.39 
It is important not to overfill the furnace, as the agitation 
of the iron at the top of the melt markedly decreases in 
such cases. Higher and faster carbon recoveries will result 
with little impact on iron throughput if proper melt levels 
are observed. Since the carbon dissolves faster as a result 
of increased agitation, the tap times can be reduced. 
 
It is important to slag the furnace before a trim addition. 
This is to ensure that the carbon is immediately in direct 
contact with the iron instead of becoming coated with 
slag, which delays particle wetting. Moreover, energizing 
the furnace during a trim addition, if only for a couple 
minutes, has a substantial impact on the dissolution rate. 
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This is especially evident for diffusion-controlled 
dissolution, as is the case for graphite. 
 
 
 
 
 

 
 
Figure 16. The temperature dependence of k for 
Metcoke 1 in molten iron is clearly exponential  
(Ea = 400 kJ mol-1). 
 

 
 
Figure 17. It is evident that the temperature  
has a substantial effect on the dissolution rate  
for Metcoke 1. 
 
The dissolution curves in this work demonstrate that a 
small increase in the time allowed for the recarburizer to 
dissolve can have a large impact on carbon recovery. The 
model described herein allows a foundry to predict this 
carbon recovery as a function of time. 
 
The order in which materials are charged to the furnace 
has an impact on recarburizer dissolution times. The best 
practice is to charge the recarburizer with the steel and 
before the pig iron. The reason is that the dissolution rate 
varies directly with the difference between the solubility 

of the recarburizer and its concentration at time t (Eqn. 3). 
This difference is greater for a recarburizer with a higher 
local concentration of steel, with its characteristic low 
carbon content. 
 
 
 
CONCLUSION 
 
The uniformly shrinking particle model can be 
incorporated into the classical diffusion layer model of 
dissolution to predict the dissolution curve for a 
recarburizer. Utilizing a transformation of the standard 
mass distribution of particle size to the corresponding 
number distribution and applying the shrinking particle 
model, the method explicitly accounts for the continually 
changing surface area of a polydisperse recarburizer as it 
dissolves. The model has been applied to a hypothetical 
graphite addition for a ductile iron, yielding a total 
dissolution time that is consistent with experimental data 
reported in the literature. The expected trends in 
dissolution time with changes to the particle size 
distribution, agitation of the iron, temperature, and nature 
of the recarburizer are observed. Moreover, the model is 
consistent with current best practices in foundry melt 
operations. The results indicate that the carbon/iron 
interface is largely limited to the external surface of the 
particle, a reasonable finding in light of SEM images that 
have been published by investigators. 
 
The key limitation of the model in its current form is the 
assumption that the entire external surface of the 
recarburizer is wetted at t = 0. A more robust model would 
incorporate the time lag between the addition of the 
recarburizer and the time at which its entire accessible 
surface is wetted. Accounting for particles of irregular 
shape, any penetration of the iron into the pores of the 
recarburizer particles, any particle breakup, oxidation of 
the carbon during the dissolution process, and the time 
required for heat transfer from the iron to the carbon 
would also be expected to improve the accuracy of the 
model. 
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APPENDIX: ANALYTICAL SOLUTION TO THE HIXSON-CROWELL EQUATION 
 
Here the derivation of Eqn. 28 is provided. The solution was initially generated using the online tool Integral Calculator.40 
That tool provided the analytical solution to the integral on the left-hand side of Eqn. 27 as well as a high-level summary of 
the steps involved. However, a complete derivation is required to prove that Eqn. 28 is correct. The derivation begins with 
Eqn. 27, the Hixson-Crowell expression for Graphite 1: 
 

 ∫ 1
(𝑎𝑎𝑚𝑚2+𝑏𝑏𝑏𝑏)(𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚)

𝑑𝑑𝑑𝑑 = ∫− 𝑘𝑘
𝑉𝑉
𝑑𝑑𝑑𝑑 Eqn. 27 

 
Factoring the denominator on the left-hand side (LHS) of Eqn. 27 gives 
 

 LHS = ∫ 1
𝑚𝑚(𝑎𝑎𝑎𝑎+𝑏𝑏)(𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚)

𝑑𝑑𝑑𝑑 Eqn. 34 

 
Partial fraction decomposition leads to 
 

 LHS = ∫ �𝐴𝐴𝑚𝑚 + 𝐵𝐵
𝑎𝑎𝑎𝑎+𝑏𝑏

+ 𝐶𝐶
𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚

� 𝑑𝑑𝑑𝑑 Eqn. 35 

 
Combining Eqns. 34 and 35 yields 
 

 𝐴𝐴(𝑎𝑎𝑎𝑎 + 𝑏𝑏)(𝑚𝑚𝑠𝑠 −𝑚𝑚1 −𝑚𝑚0 + 𝑚𝑚) + 𝐵𝐵𝐵𝐵(𝑚𝑚𝑠𝑠 −𝑚𝑚1 −𝑚𝑚0 + 𝑚𝑚) + 𝐶𝐶𝐶𝐶(𝑎𝑎𝑎𝑎 + 𝑏𝑏) = 1 Eqn. 36 
 

Because Eqn. 36 is true for all m, it can be solved for A, B, and C by substituting convenient values for m.41 f m = 0, then 
 

 𝐴𝐴 = 1
𝑏𝑏(𝑚𝑚s−𝑚𝑚1−𝑚𝑚0)

 Eqn. 37 

 
If m = -b/a, then 
 

 𝐵𝐵 �− 𝑏𝑏
𝑎𝑎
� �𝑚𝑚𝑠𝑠 − 𝑚𝑚1 − 𝑚𝑚0 −

𝑏𝑏
𝑎𝑎
� = 1 Eqn. 38 

 
This can be written 
 

 𝐵𝐵 = 𝑎𝑎2

−𝑎𝑎𝑎𝑎�𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0−
𝑏𝑏
𝑎𝑎�

 Eqn. 39 

 
and, therefore, 
 

 𝐵𝐵 = 𝑎𝑎2

𝑏𝑏[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏]
 Eqn. 40 

 
Letting m = m1 + m0 – ms yields 
 

 𝐶𝐶 = 1
(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏] Eqn. 41 

 
Combining Eqns. 36, 37, 40, and 41 gives 
 

LHS = ∫ � 1
𝑏𝑏(𝑚𝑚s−𝑚𝑚1−𝑚𝑚0)𝑚𝑚

+ 𝑎𝑎2

𝑏𝑏[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏](𝑎𝑎𝑎𝑎+𝑏𝑏)
+ 1

(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏](𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚)
� 𝑑𝑑𝑑𝑑                  Eqn. 42 
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Therefore, 
 

LHS = 1
𝑏𝑏(𝑚𝑚s−𝑚𝑚1−𝑚𝑚0)∫

1
𝑚𝑚
𝑑𝑑𝑑𝑑 + 𝑎𝑎2

𝑏𝑏[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏]∫
1

𝑎𝑎𝑎𝑎+𝑏𝑏
𝑑𝑑𝑑𝑑 + 1

(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏]∫
1

𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚
𝑑𝑑𝑑𝑑      Eqn. 43 

 
Solving the first integral in Eqn. 43 yields 
 

 ∫ 1
𝑚𝑚
𝑑𝑑𝑑𝑑 = ln|𝑚𝑚| + 𝐷𝐷 Eqn. 44 

 
The second integral is solved by letting u = am + b. Thus, dm = du/a and 
 

 ∫ 1
𝑎𝑎𝑎𝑎+𝑏𝑏

𝑑𝑑𝑑𝑑 = ∫ 1
𝑢𝑢
1
𝑎𝑎
𝑑𝑑𝑑𝑑 = 1

𝑎𝑎
ln|𝑎𝑎𝑎𝑎 + 𝑏𝑏| + 𝐸𝐸 Eqn. 45 

 
Finally, the third integral is solved by letting u = ms – m1 – m0. Then du = dm and 
 

 ∫ 1
𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚

𝑑𝑑𝑑𝑑 = ∫ 1
𝑢𝑢
𝑑𝑑𝑑𝑑 = ln|𝑚𝑚𝑠𝑠 −𝑚𝑚1 − 𝑚𝑚0 + 𝑚𝑚| + 𝐹𝐹 Eqn. 46 

 
Since the arguments of the logarithmic functions in Eqns. 44, 45, and 46 (m, am + b, and ms – m1 – m0 + m, respectively) have 
only positive values in practice, the absolute value symbols in Eqns. 44-46 can be omitted. The combination of Eqns. 43-46 
leads to 
 

 LHS = ln𝑚𝑚
𝑏𝑏(𝑚𝑚s−𝑚𝑚1−𝑚𝑚0)

+ 𝑎𝑎 ln(𝑎𝑎𝑎𝑎+𝑏𝑏)
𝑏𝑏[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏]

+ ln(𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚)
(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏]

+ 𝐺𝐺 Eqn. 47 

 
where G = D + E + F is the combined constant of integration. The expression can be simplified using the lowest common 
denominator: 
 

 LHS = 𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠) ln(𝑎𝑎𝑎𝑎+𝑏𝑏)+𝑏𝑏 ln(𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚)−[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏] ln𝑚𝑚
𝑏𝑏(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏]

+ 𝐺𝐺 Eqn. 48 

 
Integrating the right-hand side of Eqn. 27 and combining Eqns. 27 and 48 yields 
 

  𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠) ln(𝑎𝑎𝑎𝑎+𝑏𝑏)+𝑏𝑏 ln(𝑚𝑚𝑠𝑠−𝑚𝑚1−𝑚𝑚0+𝑚𝑚)−[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏] ln𝑚𝑚
𝑏𝑏(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏]

= − 𝑘𝑘
𝑉𝑉
𝑡𝑡 + 𝐺𝐺 Eqn. 49 

 
Since m = m0 at t = 0, the initial value of the LHS of Eqn. 49 is 
 

 𝐺𝐺 = 𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠) ln(𝑎𝑎𝑚𝑚0+𝑏𝑏)+𝑏𝑏 ln(𝑚𝑚𝑠𝑠−𝑚𝑚1)−[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏] ln𝑚𝑚0

𝑏𝑏(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)[𝑎𝑎(𝑚𝑚1+𝑚𝑚0−𝑚𝑚𝑠𝑠)+𝑏𝑏]
 Eqn. 50 

 
Finally, substituting h = m1 + m0 – ms (for simplicity) and combining Eqns. 49 and 50 produces the final solution (which is 
identical to Eqn. 28). 
 

 𝑎𝑎ℎ ln(𝑎𝑎𝑚𝑚0+𝑏𝑏)+𝑏𝑏 ln(𝑚𝑚𝑠𝑠−𝑚𝑚1)−(𝑎𝑎ℎ+𝑏𝑏) ln𝑚𝑚0

𝑏𝑏ℎ(𝑎𝑎ℎ+𝑏𝑏)
− 𝑎𝑎ℎ ln(𝑎𝑎𝑎𝑎+𝑏𝑏)+𝑏𝑏 ln(𝑚𝑚−ℎ)−(𝑎𝑎ℎ+𝑏𝑏) ln𝑚𝑚

𝑏𝑏ℎ(𝑎𝑎ℎ+𝑏𝑏) = 𝑘𝑘
𝑉𝑉
𝑡𝑡 Eqn. 51 
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